Abstract: The present analysis reports the behaviour of Sakiadis and Blasius flow of Williamson fluid with convective boundary condition. Using boundary layer approximations and suitable similarity transformations the governing partial differential equations along with the boundary conditions are reduced into a set of nonlinear ordinary differential equations. The transformed equations are solved numerically with the help of fourth and fifth order Runge-Kutta-Fehlberg method. It is found that the Blasius flow provides a thicker thermal boundary layer when compared with the Sakiadis flow.
Introduction
From the literature of boundary layer flows, many investigations mainly engaged in finding the similarity characteristics within the boundary layer frame work and it is found that the flow past a flat plate with uniform free stream is commonly studied. The development of velocity boundary layer on a flat plate was first investigated by Blasius [1] . The performance of boundary layer flow due to the moving flat surface immersed in otherwise quiescent fluid was first studied by Sakiadis [2] , who investigated it theoretically by both exact and approximate methods. Introducing a composite velocity U = Uw + U∞ where Uw is the plate velocity and U∞ is the free stream velocity, Afzal et al. [3] have studied the combined Blasius and Sakiadis problems successfully and obtained a single set of equations. This problem corresponds to the Blasius problem for Uw = 0 and represents the Sakiadis problem for U∞ = 0. Later, Batallar [4] and Cortell [5] extended the Blasius and Sakiadis problems respectively by studying the effects of radiation on the boundary layer flow. Some important studies in this topic have been made by Ishak [6] , and he has combined these two problems using the composite velocity which was introduced by [3] .
In heat transfer analysis the boundary conditions that are usually applied are either a specified surface temperature or a specified surface heat flux. However, there are boundary layer flow and heat transfer problems in which the surface heat transfer depends on the surface temperature. This situation arises in conjugate heat transfer problems and when there is Newtonian heating of the convective fluid from the surface. Newtonian heating occurs in many important engineering devices, such as, in heat exchangers, where the conduction in a solid tube wall is greatly influenced by the convection in the fluid flowing over it. On the basis of above discussions and applications, Bataller [7] studied the effects of thermal radiation on laminar boundary layer about a flat plate in a uniform stream of fluid, and about a moving plate in a quiescent ambient fluid both under convective surface boundary conditions. Later on, Aziz [8] investigated the heat transfer problems for boundary layer flow connected with a convective boundary conditions. Makinde [9] extend the work [8] by including magnetohydrodynamic effect and mixed convection heat and mass transfer over a vertical plate. Olanrewaju et al. [10] have analyzed the combined effects of internal heat generation and convective boundary condition on a laminar boundary layer flow over a flat plate. Rashidi et al. [11] studied the heat and mass transfer flow over a vertical stretching sheet with radiation and buoyancy effects. Further Rashidi and Erfani [12] obtained the analytical solution for convective flow due to rotating disk. Recently, Rashidi et al. [13] extended work to nanofluid past a flat plate under the influence of chemical reaction. In the similar manner the effect of convective boundary condition on heat transfer problems have studied by many authors under different circumstances (see [14] [15] [16] [17] [18] [19] ).
The study of mechanics of non-linear fluid present a special challenge to engineers, physicists, and mathematicians. The investigations on non-Newtonian fluids are remarkably enhanced during the past few decades because of their practical implications in technology and industrial processes. Many of the materials in our daily life include the fluids like, apple sauce, sugar solution, muds, chyme, soaps, emulsion, shampoos, blood at low shear rate and many other exhibits the characteristics of non-Newtonian fluids. In non-Newtonian fluids, the most commonly encountered fluids are pseudoplastic fluids. To describe the behaviour of pseudoplastic fluids numerous models have been proposed like the power law model, Carreaus model, Cross model and Ellis model, but a little attention has been paid to the Williamson fluid model. The flow of pseudoplastic fluids was first proposed and examined experimentally by Williamson [20] . Lyubimov and Perminov [21] studied the flow of Williamson fluid over an inclined surface in the presence of gravitational field. Nadeem et al. [22] [23] [24] were the first who developed the two-dimensional boundary layer equations for the flow of Williamson fluid past a stretching sheet. Further they have extended the work and studied the heat transfer analysis over an exponential stretching sheet. Recently, they analyzed the flow of Williamson fluid in the presence of nanoparticles.
The objective of the present paper is therefore to extend the work of [22] by considering the composite velocity and convective boundary condition. The methodology adopted is to reduce the governing partial differential equations into a system of ordinary differential equations and solving the resultant system using the Runge-KuttaFehlberg fourth fifth order method. Physical quantities for various parameters of interest are examined. To the best of our knowledge such analysis is not yet reported.
Flow and heat transfer analysis
Consider a steady two-dimensional flow of an incompressible Williamson fluid passing through a moving flat plate with constant velocity Uw, in the same or opposite direction to the free stream U∞. The x-axis extends parallel to the surface, while the y-axis extends upwards, normal to the surface. The temperature of plate surface (to be determined later) is the result of a convective heating process which is characterized by the temperature T f and heat transfer coefficient h f .
The velocity and temperature profiles in the fluid flow must obey the usual boundary layer equations and which are given by [22] ;
ρ cp
where u and v are the velocity components of the fluid along x and y directions respectively. µ, ρ and cp are the co-efficient of viscosity, density, and specific heat of fluid respectively. Γ > 0 is a time constant, T is the temperature of the fluid, k is the thermal conductivity. Related boundary conditions of the problem are given by [14] ;
where T f is the fluid temperature, Tw is the uniform temperature on the top surface of the plate and h f is the heat transfer coefficient and here we considered T f > Tw > T∞. Now, introduce the similarity function ψ, which satisfies the continuity equation (1) as:
To reduce the system of partial differential equations (2) and (3) into a system of coupled nonlinear ordinary differential equations, introduce the following dimensionless similarity variables:
where
Using the transformations (6) in equations (2) and (3) one can get the system of differential equations as:
Corresponding boundary conditions will becomes;
Prime denotes the derivative with respect to η. Here
νx Γ is the Williamson parameter, Pr = ν α is the Prandtl number and β = Uw U is the velocity ratio parameter. One can observe that when β = 0 the problem reduces to Blasius flow i.e., flow induced over a stationary flat-plate by a uniform free stream and when β = 1 the problem reduces to Sakiadis flow i.e., flow induced by a moving plate in a quiescent ambient fluid.
The quantities of practical interest, in this study, are the skin friction coefficient (C f ) and the Nusselt number (Nux), which are defined as;
where the surface shear stress τw and the surface heat flux qw are given by
Using the non-dimensional variables and equation (11) in equation (10), we obtain
and Nux Re
where Rex = Ux ν is the local Reynolds number.
Numerical Procedure
The system of reduced equations (7) and (8) are nonlinear and coupled, and thus it is not easy to tackle for their analytical solutions. The resultant boundary value problem is reduced into a set of an initial value problem using Shooting technique. In this procedure, we have to select a suitable finite value of η → ∞,which depends on the values of the parameters considered. Initially, the system of equations (7) and (8) are reduced to a first order system as follows:
the boundary conditions are;
The numerical procedure Runge-Kutta-Fehlberg fourth and fifth order is adopted to solve the obtained set of initial value problems. In order to integrate equations (13) 
Results and discussion
To validate the present solution, comparison has been made with previously published data in the literature for θ(0) in Table 1 , and they are found to be in excellent agreement. Effects of Williamson parameter and Biot number on f ′′ (0), θ(0) and −θ ′ (0) are presented in Table 2 Figure 1 and 2. The velocity of the fluid decreases and temperature of the fluid increases when we increase the values of Williamson parameter (λ). By observing the ratio of Williamson parameter, when we increase the values of Γ, it results in an increase in λ. So the velocity profile as well as the boundary layer thickness decreases with an increase in Γ, and the opposite effect can be seen in temperature profile. Further, one can see that in equation (7) , λ = 0 gives the result for Newtonian fluid. Figure 3 is displayed to see the influence of the Biot number on temperature profile. The increment in Bi causes a stronger convection and which yields higher temperature and thermal boundary layer thickness. Physically, the Biot number is expressed as the convection at the surface of the body to the conduction within the surface of the body. When the thermal gradient is applied to the surface, then the ratio governing the temperature inside a body varies significantly, while the body heats or cools over time. Figure 4 depicts the behavior of Prandtl number on the temperature profile. We observed that an increase in the value of Prandtl number results in reduction in the temperature profile and thermal boundary layer thickness. An enhancement in the Prandtl number corresponds to weaker thermal diffusivity. Physically, larger Prandtl fluids possess weaker thermal diffusivity and smaller Prandtl fluids have stronger thermal diffusivity. This change in thermal diffusivity creates a reduction in the temperature and thermal boundary layer thickness.
Impacts of Williamson parameter (λ), Biot number (Bi) and Prandtl number (Pr) on the velocity and tem-
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In Figures 5 and 6 the nature of local skin friction and local Nusselt number is plotted. From the Figure 5 we observe that f ′′ (0) is decreases with increase of λ. Further, from Figure 6 it is noticed that, θ(0) increases with the in- 
